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Why AdS; x S°2

Modern TP: Can we reconcile Standard Model and General Relativity?
String theory seems to reproduce both simultaneously.

Starting in 1960’s, string theory produced bosons in D = 26.

In 1980’s, super(symmetric)string theory also produced fermions in D = 10.
In 1990’s, J. Maldacena conjectured AdS/CFT correspondence.
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Anti-de Sitter spacetime < Conformal field theory
Type IIB AdSs5 superstring N = 4 Super-Yang-Mills

» In this talk, review [AF09] approach to quantising AdSs x S° superstring.

L H —H —> ...

Alexander Farren 2/15



Why AdS; x S°2

==

x-x = —R?in R*12 x-x = R? in R*1

Figure 1. Classical strings on hypersurfaces AdS,, and S™ for n = 2 [Tsell, Sok16].
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Bosonic string theory

> Generalise relativistic point particle to one-dimensional string.
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Figure 2. Worldline of particle and worldsheet of a closed string.
» Parameterise spacetime coordinates X (o) where o = (1,0), M =1, ...,26 and
o, XM = xM Iy XM = x'™

» Gy ~ spacetime metric and 7,3 ~ metric on the worldsheet for «, 5 € {7,0}.

> For closed strings, worldsheet parameterised by 7 € R and —7r < o < @r.
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Bosonic string theory

» Polyakov action for bosonic strings [GSW88|:

6= / dr / do ¥ = —g / drdo v 9, XM 95 XN G s
> Solving equations of motion 65/dv,s = 0 yields Virasoro constraints
Cr=puX™M=0 Cy=pyup” +7T*X), XM =0.
> Rewrite Polyakov action in first-order form as

i 1

_ M o L
S = /dea (pMX 4F 77 C1+ 9Ty 02)

= /deapMXM.
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Superstring theory

Bosonic/fermionic encoded in superalgebra structure [Kac77].
o 4 =90 g9 ig 7Z,-graded such that

(@@ «®)] c@@b)  mod Zy = {0,1}.
o If M € 9 =5u(2,2|4), then MH + HM' = 0 and str(M) = tr(m) — tr(n) = 0 where

even odd 5
0
M= % 0 Tl4>
o Refine to Z4-grading with decomposition

g =90 g9® p9® pg®,
M=M® 4+ MO 4 M@ 4 yO)

according to automorphism Q : 4 — ¢ where Q*(M) = M and

M®F) = }1 [M + i3k QM) 4 i12*Q3(M) + i*Q3 (M )] :
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Superstring theory

» Parameterise AdSs = {t,2'} and S° = {¢,y'} fori =1,...,4.
> Collect XM € {t, ¢, "} where x* ~ transversal degrees of freedom for u = 1,...,8.
» Define current A, = —g~'d.9 € & where g = gy (¢, ¢, 2")gj(x) € G = exp 9.

Green-Schwarz action for AdS5 x S° superstring

g_ _g / Lo [wﬁstr(ASE)AEf)) + nsaﬁstr(AS)A(;))]

» Introduce auxiliary 7T = T3 € ¥ the first-order form is

C’z] S / dQUHsO‘fBA(l)A(?’)

,.YTO'
S = /d20‘ |:—St1“(7TA£2)) + FCI QTP}/TT

where this time
Cp=—str(TAP) =0, Oy =str(M?+T24PAD) = 0.
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Gauge fixing

k-symmetry gauge (s)

Light cone gauge (s, b)

Gauge freedom

0.2 = 0 under g — ge<(™9)

provided k = £1

0% =0 under (1,0) — (7,0)
diffeomorphisms

Gauge fixing

0 0]0 a
0lb 0
X770 o]0 0
—at 00 0
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Gauge fixing

> Recall for bosonic string, first-order form of action is
& = /deapMXM = /dea (pudt + pit +p¢¢3)
— / d*o (pud* +p_iy +pid_).
In light cone gauge, where z; = 7 and p; =1,
S = /d20 Wil SR e ) = /d20 (Duz* — H).
P Hamiltonian of classical bosonic string in light cone gauge is

H = _p*(ppn xua J"/N)'

> What is p_ for superstring?
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Perturbative quantisation

> For superstring, one finds

i

H=..= §str(7TE+g(a:")(]l +2x?)g(z"))
T

\ + /ﬁ;E(G%r — G2 )str(Zpx V1 4+ 2KFSIKT)
3 weeks T

— KEG”GUSU(E,,EJFX\/ 1+ X2ZNICF§tIC_1).
> Not nice! Trick: rescale o — o1 such that 2mr — 27T and also rescale

x“—)m”/ﬁ, pu%pu/ﬁ, X—>X/\/T-

> End up with perturbative expansion in large tension limit
2 1 1 -3 2
S = d“o .,%Q—I—T.iﬂ—i-ﬁfﬁ—i-(')(’f ) ~ dc % .
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Perturbative quantisation

» Part of Lagrangian quadratic in original fields (z*,p,,, x) is

Ly = puit = Sstr(Z4xX) — He,

8 Bosons
where we read off ﬁ

1 . . 1 . . ;
7_[2 — ‘Z-Padpaa + YadYaa + Ya{dylaa + ZPadPaa + Zadzaa + Z(lla Zlaa’

+ E?lwad +

R — K i - R - R :
577/0@77% - 5772#71% +6],6% + 5‘9&@9“& - 59:;&9]%1-

» Can now promote fields to operators, i.e. quantisation of the superstring;: \
dp 1

Yad ! — et
(1,0) /R 5. —2Ep

, 1y v, i 5
0% (1,0) = / e (ewpf (p)ayp™ + e Ph(p )5ab5aﬁa’lﬁ' p) ’

R 27 \/2E,
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Perturbative quantisation

» In decompactification limit (r — co) the worldsheet cylinder becomes a plane.
S—

r—00
—
T T
o

o

Figure 3. String excitation in decompactification limit

> Nice! Reduced problem to 1+ 1-dimensional QFT with 8 bosons and 8 fermions.
> What about full spectrum?
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Conclusion

AdS /CFT

% —» H — H — Spectrum < J\/ 4 SYM

First-order formalism —J

k-symmetry gauge Ansatz (TBA)

Thermodynamic Bethe

Light cone gauge Perturbative quantisation

in decompactification limit
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Appendix

P> Where is the spacetime hiding?

AdS. x §F = SO, S0(6) , SUR,2) SUM) SU(2,2/4)
> T S0(4,1) © SO(5) ~ SO(4,1) ~ SO(5) ~ SO(4,1) x SO(5)

» Automorphism Q(M) = —KM K=t where

X

0 -1 0 O
et mt —nt and K = K 0 K— 10 0 O
\6t ot ) - \0 K)’ |0 0 0 -1
0 0 1 0
» Decomposition
M(O) . 1 m— KmtK 1 0 M(l) . 1 0 0 — iKntK_l
2 0 n—KntK=1)’ 2\ +iKntK! 0 ’
@ L (m+KmK™ 0 ) _ 1 0 0+iKn' K
2 0 n+KnlK=')’ T2\ —iKntK! 0 '
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Appendix

» Embedding coordinates. Set gy(t, ¢, x*) = A(t, ¢)g(z*) where

. L__[14+ L2347 0
1 t")/5 0 > ,/1,22/4[ 4 2
A ta = exp = 3 ) = 1,00 )
( ¢) p 2 ( 0 ¢,.),5 g( ) 0 1_‘_1},2/4[]14 + Syt ]

gi(x) = x + Vs + x2

P Light cone coordinates

t=x4y —ax_, x4 =adp+ (1 —a)t,
p=z4+ (1 —a)x_, r_=¢—t.
P Isomorphism
i1
aul) ~ s0(0) =spans { 397, 17,71 )
2,2 4,2) = L L X 9, S, 8 ,j=1,..,4
51]'( ) )Nﬁo( ) )_SpanR 27727 74[777]a4[ 77] ’ 4,73 =15...,4
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